We investigate the energy relaxation of hot carriers produced by photoexcitation of graphene through coupling to both intrinsic and remote (substrate) surface polar phonons using the Boltzmann equation approach. We find that the energy relaxation of hot photocarriers in graphene on commonly used polar substrates, under most conditions, is dominated by remote surface polar phonons. We also calculate key characteristics of the energy relaxation process, such as the transient cooling time and steady state carrier temperatures and photocarriers densities, which determine the thermoelectric and photovoltaic photoresponse, respectively. Substrate engineering can be a promising route to efficient optoelectronic devices driven by hot carrier dynamics.
I. INTRODUCTION
Upon fast excitation of graphene carriers with light or other means, the dynamics of the resulting non-equilibrium carrier distribution evolve on a fast time scale and has been extensively studied both experimentally [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] and theoretically [14] [15] [16] . The relaxation involves an initial fast evolution towards quasi-thermal distribution on a femtosecond timescale via electron-electron collisions [14, 15, 17, 18] , followed by energy transfer to phonons on a longer picosecond timescale. The conversion of the excess energy of these photoexcited carriers into electrical current before they lose this energy to the phonon baths represents one of the key challenges to efficient optoelectronic device.
In this paper, we study the energy relaxation pathways of the photoexcited carriers via different inelastic scattering channels. Energy relaxation processes in graphene due to intrinsic optical and acoustic phonons have already been studied [15, [19] [20] [21] . High energy optical phonon emission by hot carriers is responsible for the subpicosecond fast cooling process [1, 2, 22] , followed by cooling via the acoustic modes. The latter is a slow process, that creates an electron-phonon cooling bottleneck [19] . Here, we focus on an extrinsic mechanism for cooling of photoexcited carriers in graphene via the remote surface polar phonon modes (SPP) of the substrate and compare their efficiency under different conditions with those of the internal phonon modes.
In polar substrates such as SiO 2 , a non-vanishing fluctuating electric field is generated by the propagating surface phonon modes [23] . The interactions of these SPP modes with charged carriers in the conduction channel was first explored in the context of inversion layer of semiconductor-oxide interface [24] [25] [26] . They have also been studied in other material systems such as carbon nanotubes [27] [28] [29] , where close proximity between charged carriers and the underlying substrate renders the SPP-phonon scattering more prominent. Similarly, in graphene, SPP was found to limit electronic transport properties [30] [31] [32] [33] [34] [35] [36] [37] [38] [39] . Recently, the SPP coupling with graphene plasmons was also probed experimentally through infrared spectroscopy [40] [41] [42] . In this work, we found irrespectively of the mechanism i.e. thermoelectric or photovoltaic, that SPP limits the overall strength of the steady state photoresponse on common substrates, and our results suggest that elimination of the SPP cooling channel can lead to an order of magnitude enhancement in the photoresponse.
In Sec. II, we present the general theory, where details of the models for the electron cooling power via the different phonon baths are presented in the Appendix. We present the results of our calculation of the cooling powers in Sec. III A and discuss their relative contribution in detail, as a function of doping and electronic/lattice temperatures. In Sec. III B, we apply the above models to the study of the cooling dynamics of hot carriers due to continuous or pulsed light excitations. We calculate key experimental observables such as the transient cooling time, and steady state quantities such as the non-equilibrium electronic temperatures, excess photocarriers density and the out-of-plane thermal conductivity for graphene on common substrates.
II. THEORY AND MODELS
Transition probability for emission and absorption of phonons with a particular phonon bath α is described by the Fermi's golden rule,
where q is the phonon momentum,
is the Bose-Einstein distribution and M α k,k are the transition matrix elements related to the coupling with phonon bath α, to be defined below. For brevity, summation q δ k −k±q shall be implicit hereafter. The cooling power is computed numerically by accounting for the transfer of electronic energy to the lattice during each scattering event i.e. E k − E k . Therefore the net cooling power is calculated via [19, 21, 43, 44] ,
where T L and T E are the lattice and electron temperatures respectively, and the electron distribution function is described by f k , and we define a composite Fermi-Boson distribution function as,
As indicated by experiments [1, 2, 18] , the electronic system is thermalized by the electron-electron interactions which occur at much faster timescale than the electron-phonon processes we are calculating here. Hence, it is appropriate to simply assume that f k follows the Fermi Dirac distribution function, i.e. [1 + exp(β(E k − µ))] -1 where β = 1/k B T E and µ is the chemical potential, controlled by chemical doping or electrical gating in experiments. It is apparent that the composite electron-phonon distribution function F(k, k ) becomes zero when T E = T L , hence zero cooling power.
In this work, we are interested in the energy exchange of electrons with the different phonon baths i.e. intrinsic acoustic phonons (AP), optical phonons (OP) and surface phonon polaritons (SPP). Vibrations of the substrate ions with the opposite charge polarity produce an electric field which decays exponentially away from the surface. Carriers in the nearby graphene can feel this electric field and be scattered by the SPP phonon. The decay length of the electric field is determined by the momentum transfer in the electron-phonon scattering event. For typical carrier density in graphene, the relevant momentum transfer is of the order of nm −1 , such that a substantial coupling strength is expected for graphene placed at van der Waals distance of 3.4Å away from the substrate. The transition matrix elements, M α k,k , for electron interaction with AP, OP and SPP phonons are well-known in the literatures [26, 32, 33, [45] [46] [47] . We therefore defer their discussions to the Appendix, with the parameter set summarized in Table 1 . We shall focus on the key results in what follows.
III. RESULTS AND DISCUSSIONS

A. Competing cooling pathways
We begin with a simple illustration of the possible cooling pathways for photoexcited carriers in graphene in Fig. 1 . Each thermal bath can be characterized by their respective temperatures T α , and are in general different from the ambient temperature T 0 . The heat exchange between these thermal baths can be described by the thermal conductivity, κ, defined as the ratio between the power exchange per unit temperature difference i.e. δP/δT . In general, the different phonon baths can each establish a different temperature upon interactions with the electrons (see also discussion in Sec. III B). In this work, we shall assume a common temperature for all these phonon baths, denoted simply as the lattice temperature T L .
For a typical SiO 2 substrate thickness of h = 50 − 300 nm, κ 0 = κ/h varies in a range ≈ 5 MW/Km 2 − 10 MW/Km 2 , where SiO 2 film thermal conductivity is κ = 0.5 − 1.4 W/mK [49] . The interface thermal conductance of graphene on SiO 2 substrate has been measured using various experimental techniques [50] [51] [52] [53] [54] , with values ranging from ≈ 25 MW/Km 2 − 180 MW/Km 2 . On the theory front, several approaches have been employed to estimate this interface thermal conductance [55] [56] [57] [58] [59] , which varies from ≈ 1 MW/Km 2 − 100 MW/Km 2 . As illustrated in Fig. 1 , energy transfered from electrons to the internal phonon baths is conducted to the underlying substrate through a phonon-limited κ T B . κ T B between carbon surface and SiO 2 substrate has been estimated from molecular dynamics and is ≈ 60 MW/Km 2 [55] , and can depend also on the surface roughness. Alternatively, energy can be transfered directly to the substrate via the SPP phonons, i.e. κ SP P , and can depend sensitively on doping. For an undoped graphene, κ SP P is on the order of 1 MW/Km 2 while κ LAT is even smaller, as we will see later in the discussion. In this section, we discuss how these cooling pathways depend on the various experimental conditions.
Detailed balance condition of in-and out-scattering processes requires that P α vanishes under equilibrium condition i.e. δT ≡ T E − T L = 0. In the theory, this is ensured by the composite Fermi-Boson distribution function F(T E , T L ). The energy exchange efficiency with these various phonon baths depends upon, among other factors, the doping and electronic/lattice temperatures. Using the models described in Sec. II, we calculate P α (T E ) due to the various phonon baths for intrinsic/doped graphene under cold/hot (defined at T L = 10, 300 K respectively) lattice temperature as shown in Fig. 2 .
First, we discuss results on intrinsic graphene, see Fig. 2 (a,c,e), which can be understood on the basis of scattering phase space arguments. For cold neutral graphene, Pauli blocking limits the electronic transitions involved to mainly interband processes. Hence, under near equilibrium condition i.e. δT being small, we observed that the cooling power is mainly dominated by interband processes by optical and SPP modes. Increasing the electronic temperature alleviates Pauli blocking, and allows for intraband processes to take place. As δT increases further, we observe that intraband cooling begins to dominate over the interband counterpart. The efficiency of energy exchange can be explained by the electron-phonon occupation number, quantified by the composite distribution function F(T E , T L ) defined in Eq. 3. For inelastic processes, one can show that F(T E , T L ) is independent of T L when δT → ∞. This is as reflected in Fig. 2 for P OP,K and P SP P,H . On the other hand, for quasi-elastic acoustic phonons, the cooling power is proportional δT /T E instead.
The results on doped graphene are shown in Fig. 2(b,d,f) . Contrary to the intrinsic case, Pauli blocking promotes intraband electronic transitions over interband processes in doped graphene. In addition, P α cc = P α vv , with larger cooling power for the majority carriers. At moderate doping of µ = 0.2 eV, their cooling power differs by more than an order of magnitude. The reduced electron-hole symmetry upon doping also leads to smaller interband cooling power. Quasi-elasticity of acoustic phonon scattering results in a phase space restriction in the scattering, with a Bloch-Grüneisen temperature determined by the doping [45, 60] , i.e. T BG = 2 v S k F /k B , in contrast to normal metals. This increase in phase space in conjunction with Pauli blocking greatly enhances the cooling power due to AP over the optical phonon baths. In fact, for moderate T E 100 K, P AP dominates over all other mechanisms for cold graphene.
The lattice temperature, T L , also plays an important role in the competing cooling pathways. Fig. 3 compares the fractional cooling powers P α /P T for intrinsic graphene, where
To obtain a quantitative estimate, we include in-plane screening of the SPP scattering potential in graphene. The screening is incorporated through a standard procedure [61] 
For simplicity, we employed the static screening dielectric function 2D (q, 0), which in the long-wavelength limit assumes a simple form [62] We analyze the results in two non-equilibrium temperature limits, namely "near equilibrium" (T E − T L = 10 K) and "far from equilibrium" (T E − T L = 100 K) conditions. Fig. 3a considers the condition of "near equilibrium". At low T L , AP dominates cooling. Increasing T L populates the low-energy SPP mode, which begins to overtake the cooling power at a temperature of ∼ 20 K. This transition temperature increases with doping e.g. is ∼ 50 K at a doping of 0.1 eV. The low energy SPP mode is overtaken by its high-energy mode at ∼ 170 K. A downturn in the high-energy SPP cooling power is observed, due to larger screening at higher temperatures. Eventually, the optical phonons overtake the SPP for temperatures larger than 1000 K. Fig. 3b considers the condition of "far from equilibrium". In this case, the SPP dominates the cooling power for all T L , except at temperature >1000 K where optical phonons begin to overtake it.
B. Cooling dynamics
We are interested in the role played by these various phonon baths on the cooling dynamics of photoexcited carriers, more specifically, the temporal evolution of T E . The acoustic and optical phonon baths can each establish a different temperature upon interactions with the electrons, but processes such as anharmonic phonon-phonon scattering serve to thermalize them on a picosecond time scale [3, [63] [64] [65] . In this work, we shall assume a common lattice temperature T L , but acknowledge that in experiments with ultrafast pump-probe, this will not hold true. On the other hand, under continuous light excitation, coupling to the heat sink via the supporting substrate substantially cools the lattice temperature to within a few degrees Kelvin of the ambient temperature T 0 under usual photoexcitation conditions [66] . Typically, T E − T L 1K under low/moderate excitation power levels used in our studies. In this regard, the relatively small differences among the various phonon baths can be safely ignored.
Hot carriers dynamics can be probed through optical measurements [1] [2] [3] 67] . Following a pulsed light excitation, the temporal evolution of carrier relaxation, quantified by its electronic temperature T E , can be measured using differential transmission spectroscopy. The electron dynamics are usually described by ∆T E ∝ exp(−t/τ E ), and can be estimated with [68] ,
where C = dE/dT E is the electron specific heat and E is the energy density of graphene. In this work, C is computed numerically. However, we note that for T E µ/k B , C increases linearly with T E , i.e. C ≈
Having computed the total cooling power P T in Sec. III, τ E can be obtained directly from Eq. 4. Fig. 4 plots the cooling time, τ E , for neutral graphene at T L = 10 K. It is calculated for common substrates such as SiO 2 , BN and non-polar substrate such as diamond. At very hot electron temperatures, i.e. T E >500 K, τ E is given by a relatively constant sub-picosecond cooling time. This is in agreement with experiments [22] . The constancy of τ E suggests the exp(−t/τ E ) decay characteristics typical during the initial fast cooling process. As T E cools down, the cooling bottleneck due to AP begins to set in, leading to much slower cooling times. The transition temperature into this slow cooling regime varies with the choice of substrate as indicated in Fig. 4 . This transition temperature is dictated by the lowest frequency SPP mode of the substrate. Unscreened results, which overestimate the SPP cooling power, yield much shorter cooling lifetimes than experimentally reported [22] . We also note that inclusion of disorder assisted cooling [68] , might enhance the decay rate, especially in the slow cooling regime.
The optoelectronic response in graphene, photovoltaic [69] [70] [71] or thermoelectric [22, 72, 73] , is also a measure of the energy transport of these hot carriers. These experiments are usually performed under a continuous light illumination of an electrostatic junction. Their relative contribution depends on the electrostatic junction characteristics, doping, and even extrinsic factors such as electron-hole puddles [74] . Nevertheless, at steady state, the photovoltaic current is proportional to the photo-generated excess carrier density, δn, via eδnµ n ξ where µ n is the carrier mobility and ξ the local electric field. The thermoelectric response, on the other hand, is proportional to the local elevated temperature, δT =T E − T L , via σ(S 1 − S 2 )δT where S 1,2 is the Seebeck coefficient of the two junction and σ is the device conductivity. Here, we discuss estimates of δn and δT .
Under steady state condition,
where P 0 is the laser power absorbed by graphene, and P M is the heat dissipation via the metallic contacts, if any. In the absence of contacts, all heat dissipation is via the supporting substrate. At steady state,
Eq. 5 is then solved self-consistently in conjunction with charge conservation i.e. δn = n e (T E , µ) − n e (T 0 , µ 0 ) =n h (T E , µ) − n h (T 0 , µ 0 ), arriving at steady state values for T E and µ. The photoexcited carrier density, δn, and the elevated temperature, δT are plotted in Fig. 5(a-b) and δT ≈ 10 K under room temperature condition, of the same order typically seen in measurement [66] . Increasing doping increases the scattering phase space for intraband processes and lead to more efficient electronic cooling into the phonon baths, as shown in Fig. 2 . As a result, both δn and δT decrease with increasing doping.
We also estimate the heat dissipation via contacts phenomenologically with
where f 0 is the distribution function before light excitation. First, we consider the simple ballistic limit where τ M is just the device lifetime given by L/v F , where L is the length of the device and v F ≈ 10 6 m/s is the Fermi velocity. Here, we assume a typical τ M = 1 ps. We found that including P M only leads to few-fold decrease in the quantitative results presented in Fig. 5 (not shown). In the realistic case where the carrier transport is in the diffusive dominated regime, P M would be even smaller, by a factor of λ/L, where λ is the carrier's mean free path. Fig. 5 also suggests an order of magnitude enhancement in the optoelectronic response of graphene, by suppressing the SPP heat dissipation through a non-polar substrate, such as diamond-like carbon [75] , or by suspending graphene. In fact, the amount of heat transfer to the substrate via the electron coupling with the SPP can be quantified by an outof-plane thermal conductance κ SP P , defined as κ SP P = P SP P /δT . This quantity sets the lower limit on the interfacial thermal conductance and it is plotted in Fig. 6 . At room temperature, κ SP P ≈ 1MW/Km 2 for undoped graphene, and can increases with doping to order of 10MW/Km 2 , see also Ref. [59] . For typical photocurrent experiments, L is typically λ, and transport is in the diffusive regime. Here, the in-plane electronic thermal conductivity, κ e , can be estimated from the Wiedemann Franz relation. We found that our estimated value of κ SP P is significantly larger than κ e /L 2 for typical experimental situations. This suggests that out-of-plane heat dissipation via SPP dominates over the in-plane electronic heat conduction. The former leads to an increased temperature of the graphene lattice. This result reconciles with recent experiment [66] , which reveals significant lattice heating upon laser excitation. From the experiment [66] , we can estimate an out-of-plane thermal conductance of κ exp = P 0 /δT ≈ 10 MW/Km 2 . This value is consistent with our estimated κ SP P . In fact, κ LAT alone is orders of magnitude smaller than the experiment as shown in Fig. 6 .
IV. CONCLUSIONS
Our results point to the limiting role played by remote substrate phonons in the energy relaxation of hot photocarriers. In particular, we have shown that the steady state photoresponse in graphene is controlled by the inelastic scattering. The photovoltaic current is proportional to the photo-generated excess carrier density. The thermoelectric contribution, on the other hand, is proportional to the elevated electron temperature. Our results show that irrespective of the mechanism, the SPP phonons limits the overall strength of the photocurrent response on polar substrates. We predict that a choice of a non-polar substrate will lead to an order of magnitude enhancement in graphene photoresponse. Therefore, substrate engineering presents a promising route to efficient optoelectronic devices driven by hot carrier dynamics.
We consider first the energy exchange with the acoustic phonon (AP) bath. The total matrix element for electronacoustic phonon scattering due to the two acoustic phonon modes, i.e. Γ LA and Γ T A , is given by [33, 45] ,
where D ac is the acoustic deformation potential, taken to be 7.1 eV in our calulations, which is very similar to the recent ab-initio calculations of 6.8 eV [76] . We note that the electron-phonon matrix element for these two acoustic modes have different angular dependencies with transition matrix elements [76, 77] , which became negated after summing them [77] . v S is graphene effective sound velocity defined as [33] 2v
T A , where v S = 17 km/s, v LA = 24 km/s and v T A = 14 km/s. ρ m is graphene mass density taken to be 7.6 × 10 −7 kg/m 2 . The acoustic phonon is then described by an effective Debye linear dispersion ω q = v S q. Since v S v F , ω q is typically much smaller than other energy scale in the problem. The acoustic phonon scattering is thus approximated to be elastic [19] i.e. k ≈ k.
The cooling power can then be written as,
Under the assumption ω q T E , T L , we have
Making use of the relations q 2 ≈ 2k 2 (1 − cosθ), we then obtain a simplified form for the cooling power,
Contributions from interband processes, P AP cv,vc , are forbidden due to energy-momentum conservations.
Appendix B: Optical phonons
Next, we discuss energy exchanges with high energy dispersionless optical phonon (OP) modes i.e. Γ LO , Γ T O and K T O . We consider first the electron-phonon coupling of long-wavelength optical phonon modes, Γ LO and Γ T O . Their sum is expressed as [46, 47] ,
where D OP,Γ = 3 √ 2g/2 ≈ 11 eVÅ −1 is the optical-phonon deformation potential with a coupling constant of g = 5.3 eVÅ −1 , and ω o = 197 meV. We note that the electron-phonon matrix element for these two optical modes have different angular dependencies with transition matrix elements [46, 47] i.e. 1 ± ss cos(θ k − θ k ) where s = ±1 denotes conduction/valence bands, which again became negated after summing them.
We consider first the intraband cooling power, written as,
In similar fashion, the interband cooling power is written as,
where H v is the Heaviside function.
For zone edge phonon modes, only the transverse K T O contributes to carrier scattering, and the matrix element is [46] ,
where D OP,K = 3g ≈ 16 eVÅ −1 and ω 0 = 157 meV. The cooling power is similar to the Γ phonons case, except a factor of 1 2 smaller due to the angular dependence.
Appendix C: Surface polar phonons
The surface polar phonons coupling is given by [26, 32, 33] ,
where 0 is the free space permittivity and z 0 is the separation between graphene and the substrate. The magnitude of the polarization field is given by the Frohlich coupling parameter, F We consider first the intraband cooling power, written as,
The phonon momentum q has the constraint q 2 = k 2 + k 2 − 2k kcosθ. Under typical conditions, the factor exp(−2qz 0 ) ≈ 1. Linearizing exp(−2qz 0 ), the intraband cooling power then becomes,
where I K,E are the complete elliptic integrals of first and second kind. In similar fashion, the interband cooling power is written as,
where Out-of-plane thermal conductance, κSP P , defined as κSP P = P SPP /δT calculated for SiO2 for different conditions such as (i) screened and unscreened SPP scattering potentials and (ii) different doping µ (all curves are for zero doping unless stated otherwise). κLAT for undoped graphene on a non-polar substrate is plotted as reference.
